It has been conjectured that the tachyonic lump solution of the open bosonic string field theory describing a D-brane represents a D-brane of one lower dimension. We place the lump on a circle of finite radius and develop a variant of the level expansion scheme that allows systematic account of all higher derivative terms in the string field theory action, and gives a calculational scheme that can be carried to arbitrary accuracy. Using this approach we obtain lump masses that agree with expected D-brane masses to an accuracy of about 1%. We find convincing evidence that in string field theory the lump representing a D-brane is an extended object with a definite profile. A gaussian fit to the lump gives a 6-sigma size of 9.3 √ α ′ . The level truncation scheme developed here naturally gives rise to an infrared and ultraviolet cut-off, and may be useful in the study of quantum string field theory.
Introduction and Summary
The 26-dimensional critical bosonic string theory admits Dirichlet p-branes (D-p-branes) for all p ≤ 26. Each of these D-p-branes admits a tachyonic mode T of mass 2 = −1, in units where the tension of the fundamental string is equal to (2π) −1 (α ′ = 1). It has been conjectured that the potential for the tachyon field has a non-trivial translationally invariant (local) minimum at some value T vac where the sum of the tachyon potential and the tension of the original brane vanishes [1] . Thus at T = T vac the total energy density vanishes, and hence this configuration can be identified as the vacuum of the closed string theory without any D-branes. It has also been conjectured that although this vacuum does not have any perturbative open string excitations, it contains lump-like soliton configurations which approach the vacuum T = T vac asymptotically far away from the core of the soliton and represent D-branes of lower dimension [2, 1] .
Similar conjectures have also been made involving the tachyon living on the coincident D-brane anti-D-brane pair, or on a non-BPS D-brane of type IIA and IIB superstring theories [3, 4, 5, 6, 7, 8] .
Various pieces of evidence for these conjectures have been found in both the first [2, 1, 3, 4, 5] , and second [9, 10, 11, 12, 13, 14, 15, 16, 17] quantized string theory, and also using AdS/CFT correspondence [18, 19] . The first quantized description has been successful in verifying the conjectures relating the tachyonic solitons to lower dimensional D-branes, but it can only supply indirect evidence for the equivalence between the (local) minimum of the tachyon potential and the vacuum without a D-brane. On the other hand, the second quantized description − open string field theory [20] − can provide direct evidence for this conjecture by explicitly computing the (negative) value of the tachyon potential at the minimum and comparing it with the tension of the original D-brane system. Although open string field theory contains infinite number of fields, and the problem of finding a translationally invariant stationary point of the potential involves solving the equations of motion of the infinite number of zero momentum modes of these fields, the calculations are made feasible by using the level expansion scheme proposed by Kostelecky and Samuel [21] . The procedure is as follows. Using the correspondence between the modes of the string field and states in the conformal field theory describing the first quantized string, we define the level of a mode of the string field as the difference between the N eigenvalue of the first quantized string state representing this mode, and the N eigenvalue of the state representing the zero momentum tachyon, where N is the total 'number operator' of the matter and ghost system. The level truncation scheme to order (M, N) then corresponds to an approximation in which we keep in the string field theory action all modes of level ≤ M, and all interaction terms for which the sum of the levels of all the modes appearing in the term is ≤ N. This gives a potential (which, for a static field configuration, is just the negative of the action up to a normalization constant) with finite number of fields and a finite number of terms. Thus we can find its extremum and calculate its value at the extremum. The larger the values of (M, N), the larger is the number of modes and the number of terms in the potential, and the better is the accuracy.
The calculation of ref. [21] for the tachyon potential was revisited and extended in [9] in terms of background independent fields. It was shown there that the total negative potential energy at the stationary point cancels the energy of the D-brane represented by the string field theory to an accuracy of <1.5% at the level (4, 8) approximation. This calculation was extended in ref. [11] to level (10, 20) . At this level the contribution from the tachyon potential was found to cancel the tension of the D-brane to an accuracy of about .1%. Similar calculations have also been performed [14, 15, 16, 17] in open superstring field theory [22, 23, 24] . At the level (2,4) approximation the tachyon potential has been shown to cancel about 90% of the tension of the original brane configuration. 1 The success of string field theory in verifying the conjecture relating the translationally invariant stationary point of the tachyon potential and the vacuum without any D-brane encourages one to ask whether string field theory can also be used in studying the conjectured relation between the tachyonic lump solutions and lower dimensional D-branes. This study was initiated by Harvey and Kraus [12] . In this paper they started with the level (0,0) contribution to the tachyon potential in open bosonic string field theory on a D-p-brane, and identified a 'bounce solution' in this field theory as the D-(p − 1) brane. At this level the tension associated with this solution turns out to be about 78% of the known value of the D-(p −1)-brane tension. This result receives correction not only from the higher level fields, but also from the momentum dependence of the interaction terms which were neglected in the initial analysis. While there is no systematic expansion scheme for taking into account these momentum dependent corrections, a naive expansion of the interaction term in powers of momentum, keeping only the zeroth and first order terms, reduced the tension of the soliton to about 70% of the conjectured answer. On the other hand, taking into account the correction to the potential to level (2, 4) increased the answer back to about 82% of the conjectured answer. A systematic method for taking into account the momentum dependent terms in the interaction was suggested in ref. [13] , but this procedure did not give rise to an appreciable change in the tension of the lump. A similar analysis has also been carried out for solitons in the open superstring field theory [15, 25, 26] . Although the answer turns out to be close to the expected answer, it is likely to be an accidental result, as there is no reason to assume that the corrections due to the momentum dependent terms are small in this case.
The purpose of this paper will be to develop a systematic approximation scheme for studying these solitons in string field theory and calculating their tension. We shall focus on the codimension one lump on a Dp-brane of the bosonic string theory − which is conjectured to be equivalent to a D-(p − 1)-brane − but it will become clear that the scheme is general enough to be applicable to the study of higher codimension solitons, as well as to solitons in superstring field theory. In the case of a codimension one soliton, we are dealing with a field configuration on the Dp brane which depends on only one of the spatial coordinates (say x) on the brane, and is independent of time, as well as the other (p − 1) spatial coordinates. We study this problem by compactifying the coordinate x on a circle of radius R instead of letting it span the whole real line. In this case, since all field configurations must be periodic in x, we can decompose all fields into modes carrying discrete momenta along x in units of (1/R), and the solitonic field configuration that we are looking for must be obtained as an appropriate superposition of these modes. We can now define the level of any such mode as the difference between the L 0 eigenvalue of the first quantized string state representing this mode, and that of the zero momentum tachyon state, where L 0 denotes the zeroth component of the Virasoro generator of the combined matter ghost system.
2 This allows us to define a level (M, N) approximation to the potential exactly as before. Working with the potential up to a given level, we can now look for x dependent solutions of the string field equations by extremizing the potential with respect to the modes appearing in the potential to this level.
This is precisely the procedure we follow in this paper for studying the tachyonic lump solution on a D-p-brane. 3 We study this problem for various radii at various levels of approximation, and compare the tension of the lump with the tension of a D-(p−1)-brane. The results for the tension of the lump turn out to be remarkably close to the known tension of the D-(p − 1)-brane. Whereas for R = √ 3 and 15/2 we are able to get a lump tension within 1% of the tension of the D-(p − 1)-brane, for larger radii (R = √ 12 and 35/2) we get answers within 3% of the expected answer. We also compare the profile of the tachyon field corresponding to the lump for different values 2 Since for the zero momentum states the eigenvalue of the number operator is the same as the L 0 eigenvalue of the state, the two prescriptions agree for these states. 3 The discretization of the momentum is reminiscent of the procedure followed in ref. [13] , although the precise relationship between these two approaches is not clear.
of R, − obtained by superposition of cos(nx/R) for integer n − and find remarkable agreement between the profiles for different values of R.
At this point we should note that the problem of formation of the tachyonic lump on a circle was addressed using the first quantized approach in ref. [27] . There a renormalization group analysis was used to show that the mass of the tachyonic lump on a D-p-brane is indeed equal to that of a D-(p −1)-brane. 4 In view of this result one might ask whether the string field theory analysis carried out in this paper gives any new insight into this problem. To this end, we note, first of all, that the relationship between the renormalization group analysis in the first quantized approach, and the string field theory analysis based on the level truncation scheme, is as yet quite unclear, and hence it is certainly illuminating to independently verify the equivalence of the D-(p − 1)-brane, and the tachyonic lump on the D-p-brane in string field theory. Furthermore, string field theory provides us with a definite picture of the tachyon profile as superposition of cos(nx/R) for different n with definite coefficients. In contrast the analysis based on the renormalization group flow only tells us that a perturbation by the leading relevant operator cos(x/R) takes the original D-p-brane to a D-(p − 1)-brane, and does not tell us how the higher harmonics mix with cos(x/R) to produce the soliton. Indeed most of the higher harmonics correspond to irrelevant perturbation, and hence their coefficients vanish in the infra-red. 5 Furthermore, the rigorous results of ref. [28] have not yet been generalized to superstring theory. Thus we believe that despite the exact results based on the renormalization group analysis of the first quantized theory, the present analysis throws new light on the tachyonic soliton solutions. The rest of the paper is organized as follows. In section 2 we outline the general procedure of level expansion scheme of the string field theory, discuss the possibility of restricting the string field to a background independent subspace for studying the lump solution, and give details of computation of a few terms in the potential. In section 3 we give in detail the results for the potential, the lump solution and its energy for a specific radius R = √ 3. We also compare the profile of the lump at different levels of approximation. In section 4 we give the results for several other radii, both larger ( 15/2, √ 12 and 35/2) and smaller ( 11/10) than √ 3, and compare the profile of the lump for each radii with the profile at R = √ 3. We conclude in section 5 by discussing possible generalization of this analysis and some speculations.
Level Expansion and the String Field
In this section we will set up a variant of the level expansion method to deal with the problem of finding the profile and mass of the tachyon lump in string field theory. As reviewed in the introduction, such method is desirable as previous computations of lump masses in string field theory have not been very accurate. After explaining this method we will discuss the background independent expansion of the string field suitable for the problem. Then we discuss two methods for estimating the lump mass.
We conclude by showing a few samples of typical calculations needed to evaluate the string field action for the lump.
Modified level expansion
When calculating the tachyon potential in search for a spacetime independent vacuum state, all spacetime fields are set to constants, and the evaluation of the string field action does not require the inclusion of terms with spacetime derivatives. The string field is at zero momentum and is thus built by a superposition of zero momentum states times constants representing the zero momentum modes of the spacetime fields. The states are built by acting on a zero-momentum vacuum with oscillators of the relevant conformal field theory (CFT). In this case the level expansion was defined as follows [21] . Let N be the number operator, representing the contribution to L 0 from the system of matter and ghost oscillators. Let N 0 (=−1) denote the eigenvalue of N for the zero momentum tachyon: N |T 0 = N 0 |T 0 . For a given state |Φ i , with number
As defined, level is a dimensionless number. For the case of bosonic string theory the levels are all integers while for NS superstrings they can also be half integral. We now define the level (M, N) approximation to the action as follows:
• We keep only those fields with level ≤ M.
• We keep only those terms in the action for which the sum of the levels of all the fields in the term is ≤ N.
In order that the quadratic term of all fields with level ≤ M are kept in the action, we must have N ≥ 2M. While variants are possible, it seems most effective when calculating any physical object to use its level (M, 2M) approximation, as experience shows that increasing the number of terms in the potential keeping the number of fields fixed does not improve the results very much. While there is yet no theoretical explanation for the convergence of the level expansion, the numerical evidence collected thus far is impressive. Consider now the problem at hand. While all of our discussion applies to soliton solutions on non-BPS D-branes, and D-brane anti-D-brane pairs of superstring theory, we will consider here explicitly only the case of the unstable D-branes of bosonic string theory. Consider therefore, an unstable bosonic D-brane extending over a number of spatial dimensions. We now wish to select one of these dimensions, call it x and construct a tachyon lump such that the solution depends only on the x-coordinate.
(Again our discussion applies to lumps depending on more than one coordinates, but we shall not analyze these cases here.) As the lump is not invariant under translation along x, we now need to include x-momentum modes in the string field expansion and x-derivatives, or x-momentum dependent terms in the string field action. In order to do this systematically we compactify x over a circle of radius R, namely x ∼ x + 2πR. This quantizes the x-momentum as p x = n/R for integer n. For each of the zero momentum states |Φ i we had before, we now have discrete states of the type |Φ i,n that only differ by the fact that they are built on vacua having x-momentum n/R. For such states there is a natural generalization of the level. This is the difference between the L 0 eigenvalue of the state and that of the zero momentum tachyon, where {L n } denote the Virasoro generators of the combined matter and ghost system. This is because (with α ′ = 1) we have that L 0 = p 2 x + N. For zero momentum this is just the previous definition. Still denoting by N i the number eigenvalue of |Φ i,n we have
The level is still a dimensionless number as R here is measured in units of √ α ′ (which has been set to one). We can now define the level (M, N) approximation for the action exactly as before. Since the L 0 eigenvalue of a state plays a crucial role in the conformal map that inserts the state into the disk representing the interaction terms in the action, this is a natural generalization of the level truncation scheme of ref. [21] . This paper will present evidence that this modified version of the level truncation scheme also works very well.
In calculating in this setup in the level (M, 2M) approximation for any given radius we will have to include states |Φ i ≡ |Φ i,0 and "harmonics" |Φ i,n , and clearly the condition l(Φ i,n ) ≤ M will give an upper bound on n for each i. This also requires l(Φ i,0 ) ≤ M, and thus we have a finite number of modes to be included at a given level of approximation. Each term in the action including modes whose sum of levels does not exceed 2M is computed exactly. It is manifest that in a cubic string field theory the level (M, 2M) approximation will only require a finite number of computations 6 .
Background Independent String Field
The general setup required to study a lump is similar to that developed in [29] to study the mass of the D-brane. To begin with, we assume that the background space-time is the product of a (2+1) dimensional flat space-time, labelled by a pair of space-like coordinates (x, y) and a time like coordinate x 0 , and an arbitrary Euclidean manifold M described by a conformal field theory of central charge 23. We take the spatial direction y to be non-compact, but x to be compact with radius R. We let X, Y and X 0 denote the three scalar fields on the string world-sheet associated with the coordinates x, y and x 0 .
We now consider a D-brane with the following properties. For an open string ending on the D-brane we put Neumann boundary condition on the fields X and X 0 and Dirichlet boundary condition on the field Y . 7 We leave the boundary condition on the fields associated with the coordinates on M arbitrary, with the only restriction that all the fields on which we put Neumann boundary condition are associated with compact the Virasoro generators of the ghost system, then the total Virasoro generators of the system will be given by
The compact direction x corresponds to the direction in which we shall eventually form the lump. If we follow the normalization convention of ref. [9] , then the tension T 1 of the D-string described above is related to the coupling constant g o of the open string field theory describing the wrapped D-string by the relation:
(2.4)
In this normalization convention, a time independent string field configuration represented by a state |Φ = Φ(0)|0 in the Hilbert space of first quantized string theory, will have a potential
where
Here Q denotes the BRST charge, , denotes BPZ inner product between two states, and * denotes the * -product of Witten's open bosonic string field theory [20] . A basis of states in CFT(X) is obtained by acting on e inX/R (0)|0 with the oscillators α X −m of X. It follows by a simple counting argument that an alternate basis can be formed out of the Verma module, containing states obtained by acting on e inX/R (0)|0
with the operators L X −m , as long as these states are all linearly independent. This is the case if there are no null states in the spectrum. The condition for the appearance of a null state is given by [30] ,
where p and q are integers. Since n is an integer, we can avoid null states for n = 0 with an appropriate choice of R. Even if we work with a value of R for which there are null states, the choice of basis described above is good below the level where the first null state appears. From now on we shall restrict our analysis to situations where this choice of basis based on Verma module is good. In fact our explicit work in later sections will be based on R values that are not rational, and thus there will be no null states for n = 0. A generic string field configuration is represented by an arbitrary state in the Hilbert space H of ghost number one in the combined matter, ghost conformal field theory.
We now claim that in order to discuss a lump along the x coordinate, we can restrict the string field |Φ to a subspace H of H, built by acting with the oscillators
on the following primary states:
• The zero momentum even primaries ϕ i e (0)|0 (and removing the null states), and,
• The Fock vacuum states of the form
where |0 is the SL(2,R) vacuum of the combined matter, ghost conformal field theory.
A few points should be made. The Virasoro operator L ′ −1 is not required for it kills the above primary states (this is not the case for L X −1 ). b −1 and b 0 also annihilate the vacuum |0 , and hence have been omitted from the list. We have not included the oscillator c 0 because we work in the Siegel gauge, where all states must be annihilated by b 0 . Finally we can restrict ourselves to states of even twist [31] . This simply requires that the eigenvalue of the number operator N must be odd (same as that for the tachyon).
In order to show that the above is a consistent truncation of the string field, one must show that there is no term in the action that couples a single state in (H − H) to a state in H via the quadratic term, or to a pair of states in H via the interaction term. This is readily done by listing the states in (H − H). We carry along all ghost oscillators and classify the states by their behavior under the matter operators. In this way we get the following disjoint sets:
• States with nonzero momentum k 0 along X 0 .
• States obtained by acting with the oscillators in (2. • States obtained by acting with (2.8) on states that (i) have k 0 = 0, (ii) are nontrivial primaries of CFT ′ (of dimension greater than zero, by unitarity), and (iii)
are CFT(X) primaries.
It is manifest by momentum conservation that a state in the first set cannot couple to states in H. The symmetry X → −X of CFT(X) insures that a state in the second set also cannot couple to states in H. The same is true for the last set as Virasoro Ward identities can be used to show that a correlator involving two states in H and a state in the last set is proportional to the one point function of the CFT ′ primary in question. Since this primary must have dimension greater than zero, its one point function vanishes. This completes our justification for the use of H.
Since the choice of basis described above requires the use of the basis {|ϕ i e }, it will be useful to determine at which level the first zero momentum primary (other than the vacuum state) appears. For this we can compare the full partition function of CFT(X) for states even under X → −X
with the Virasoro character for (c = 1, h = 0) [30] ,
It can be easily checked that
Thus the first non-trivial primary |ϕ 1 e even under X → −X appears at level four. Indeed, the available descendents at this level,
Mass of the lump
To begin with, the wrapped D-p brane, which we have been calling a D-1 brane wrapped on a circle of radius R, has mass 2πRT 1 , where T 1 , as defined earlier, is the tension of this D1-brane. We want to compute the mass of the system in a situation where the tachyon field on this D1-brane develops a lump along a circle of radius R (this direction is represented by the world sheet field X). If we denote by T the multicomponent string field configuration on the D1 brane, restricted to H, then, using eq.(2.5), the rest mass energy plus potential energy of the D1 brane stretched on the circle can be written as
where V has been defined in eq.(2.6). Before condensation, T = 0 and V( T ) = 0, and thus the energy formula correctly reproduces the mass of the D1-brane. Recall that for the nontrivial translationally invariant vacuum T vac , one expects V(
and the energy formula correctly gives zero (as the D1 brane has disappeared). Using V( T vac ) = −1/(2π 2 ) we can write the energy formula as
14)
The mass of the tachyonic lump solution, represented by the configuration T lump , is obtained by replacing T by T lump on the right hand sides of eqs. 
The predicted answer for this ratio is 1. This prediction can be tested for various values of R, and independently of the chosen value we must obtain unity, since the mass of a D0-brane on a circle of radius R does not depend on R. At fixed R and at any level of approximation in the level expansion it is possible to use (2.16) in two ways. We can use that 2π 2 V( T vac ) at the exact vacuum is indeed −1 and thus we check how accurately
approaches unity. Here V (M,N ) is the potential calculated at the specified level of approximation. Alternatively we can use the translationally invariant vacuum that is obtained with the same level of approximation used to compute the lump. 8 This gives
We will find that r (1) approaches unity monotonically from above as we increase the level of approximation. On the other hand r (2) provides a more accurate answer.
Setup and Sample Computations
Let us now describe explicitly the string field we will be using to analyze the bosonic string lump. The zero momentum tachyon |T 0 = c 1 |0 now becomes the lowest in a family of states
where l(T n ) denotes the level of T n . For any given computation only a finite number of tachyon modes are required. In the zero-momentum computation the next modes that contribute are
. In view of our remarks around (2.9) these states actually give rise to three towers
In addition to these three towers there is one more, where the n = 0 state happens to vanish:
No new fields or towers arise until level four, and for the purposes of the present paper we shall not carry computations that far. Therefore we will use the string field
Which fields and which interactions must be kept for any fixed level computation depends on the chosen radius, and this will be discussed in the following sections. We conclude here with some basic comments about the evaluation of the potential (or the action) for a string field of the above type.
This is simply the evaluation of V( T ) as given in (2.6)
We work in units where α ′ = 1. The stress tensor for the compact coordinate X is
(z−w) 2 e ip·X(w) and Consider, for example contributions from the tachyon tower to the action. By momentum conservation all kinetic terms must be diagonal. Using (2.9) we see that the contribution from t n (n ≥ 1) to V is 1 2
By momentum conservation there are two cross terms that do not vanish and give identical contributions. We thus get
For t 0 the normalization factor differs by a factor of two. All this together gives us that the quadratic terms are
We will use the first tachyon harmonic t 1 to drive the unstable vacuum into the lump solution. Note that t 1 is tachyonic whenever R > 1. We will choose different values of R > 1 to examine how the lump forms. As R increases, more and more tachyon harmonics become tachyonic. It is not difficult to compute the interactions of the various tachyon harmonics.
One can use the oscillator expressions for the states and contract them against the 3-string vertex bra V 123 | [32] . Alternatively one can use the conformal field theory
where T (0) denotes the vertex operator associated to the state T . Here h 1 , h 2 and h 3 are a set of familiar conformal transformations reviewed in [29] . For illustration purposes consider three tachyon harmonics t n , t m and t n+m , with n = m = 0. Such fields contribute to V the following interaction
The factor (1/3) is in the definition of V. The factor of 6 appears because this is the number of ways three different fields can be assigned to the three punctures in the disk.
Then come the fields, and then a factor of two, as there are two momentum conserving combinations giving equal contributions. Evaluation of the above gives
Slightly different combinatorics are required for terms of the form t 0 t 2 n and t 2 n t 2n . Combining all such terms together we obtain 3 Calculating the action in the Level Expansion for R = √ 3
In this section we will consider different truncation levels to calculate the lump tension. For this we will write explicitly the action at different levels. Though we will work with a fixed radius R = √ 3, all our equations will contain R as a variable for further use. Once we know the action we can solve the equations of motion numerically for the one-lump solution by giving a nonzero initial value to t 1 . At the end of the section, we will be able to study the convergence of our level truncation scheme by using both (2.17) and (2.18).
We will do these calculations at levels (1/3, 2/3), (4/3, 8/3), (2, 4), (7/3, 14, 3) and (3, 6 ). This will require the fields listed in Table 1 with their respective levels (using (2.19), (2.20) and (2.21)). In order to study the truncation method at various levels, we define V (m, n) to be the part of the whole potential satisfying the three following conditions:
1. All terms in V (m, n) have level n.
2. All terms in V (m, n) contain only fields of level smaller than or equal to m.
All terms in V (m, n) contain at least one field of level m.
This definition ensures that various V (m, n)'s are disjoint (i.e. V (m, n) and V (m ′ , n ′ ) don't contain common terms for (m, n) = (m ′ , n ′ )). It now follows that the total potential at level (M, N) is given by
We shall now compute V (m, n) for m ≤ 3 and n ≤ 6. Though here we will restrict ourselves to levels (M, N) of the form (M, 2M), eq.(3.1) and the results for V (m, n) given below can be used to construct the potential V (M,N ) for arbitrary level (M, N) as long as M ≤ 3 and N ≤ 6. We shall first list all possible terms appearing in each V (m, n) consistent with momentum conservation, separating the quadratic and cubic terms. We then use the methods described in section 2 to explicitly calculate the coefficients of each possible term in the V (m, n)'s.
The list of interactions that must be computed is generated conveniently with the help of the following function:
Here the formal variables x, y and s are used to count number of fields, momentum, and level, respectively. If we write
The momentum conserving cubic interactions appear in Z(3, 0, s) and an expansion in s gives
Let {ψ i } denote the complete set of modes (t n , u n , · · ·). Then Z(l) has an expression of the form Z(l) ∼ a ijk ψ i ψ j ψ k where each a ijk is an integer. If a ijk = 0 the interaction ψ i ψ j ψ k must be included in the level l contribution to the potential. Thus Z(l) supplies the complete list of momentum conserving cubic interactions of level l. When useful, we split by hand the terms in Z(l) to obtain the possible terms which appear in various V (m, l)'s.
The list of all terms for the various V (m, n)'s with n ≤ 6 (and R = √ 3) are given in Table 2 .
The terms in the potential
The explicit interactions corresponding to the various terms appearing in the table will be listed here.
, as in eq.(2.30), we have at the lowest level:
At first nontrivial level we have:
At level 2 we have:
At level 8/3 : Quadratic terms Cubic terms 
At level 14/3: 
Potentials at various truncation levels and mass calculations
From these formulae one can construct the potentials at various truncation levels using (3.1). As we will use them, we give below the explicit sums for V (1/3,2/3) , V (4/3,8/3) , V (2, 4) , V (7/3,14/3) and V (3, 6) :
In general, the potential at a given level has many extrema. Two of them will be of particular interest for us:
1. We always find a translationally invariant minimum T vac corresponding to the tachyon condensation. At this minimum, all fields with nonzero momentum have Table 3 : The values of various modes of the string field at the stationary point of the potential for R = √ 3 calculated at various levels of approximation.
zero vev. We will use this solution when calculating the ratio r (2) defined in eq.(2.18).
2. If we start the numerical algorithm with initial values near t 0 ≈ 0.25 and t 1 ≈ −0.4 then our numerical algorithm converges to the one-lump solution T lump that we are interested in.
The solution T vac can be found in refs. [9, 11] . In table 3 we give the solutions T lump at various truncation levels. Having found T vac and T lump we can now calculate the ratio of the lump mass to the D0-brane mass using the two different methods (2.17) and (2.18). The results are given in Table 4 . We see that the first method gives a monotonically decreasing lump mass whereas the second method is oscillating but Table 4 : The ratio of the calculated mass of the lump to the mass of the D0 brane in the two schemes described in equations (2.17) and (2.18).
gives a lump mass much closer to the expected mass. It is instructive to plot the profile of the tachyon field: For future use, we shall now define two new functions F 0 and G 0 as follows:
−V (7/3, 6) − V (3, 14/3) (3.14)
where V ( ) and V (3, 6) have been defined in eqs.(3.5)-(3.12). The right hand side of this equation has to be interpreted as a function of the various modes t 0 , . . . z 1 and R, without R being set to √ 3. The function F 0 and G 0 defined here will be useful in constructing the potential V (M,N ) for other values of R, as will be discussed in the next section.
Tachyon Lump at Other Radii
In this section we shall discuss the construction of the tachyonic lump solution on circles of radii other than √ 3, and compare the results with those obtained for R = √ 3. As the basic techniques have already been discussed in the previous two sections, in this section we shall only quote the results.
R > √ 3
First we need to decide which values of R we shall use to study the lump. Although this choice is arbitrary, there is slight simplification of counting levels if we choose R such that the level of u 1 , v 1 , w 1 and z 1 coincide with that of one of the harmonics (say t n ) of the tachyon field. This requires
We shall consider the values n = 4, 5, 6 corresponding to R = . In each case we shall be using the level (2 + 1 R 2 , 4 + 2 R 2 ) approximation to the potential. For this we need to include up to the n-th harmonic of the tachyon field t and the first harmonics of the fields u, v, w and z.
For these additional R values all interactions present in V (
) at R = √ 3 are still present. We need, however, further interactions as can be checked using the generating function (3.2). These additional interactions can be expressed in terms of the following functions: 
We shall now write down our results for level (2 + 
As in the previous section, we can find a tachyonic lump solution by starting with a non-zero seed value of t 1 . The numerical solutions are given in Table 5 . The result for the two ratios r (1) and r (2) , defined in eqs.(2.17) and (2.18) are given in Table 6 . In Figs.5-7 we have plotted the tachyon field t(x) defined in eq.(3.13) as a function of x for each of the three values of R. For reference we have also plotted on the same graph the function t(x) obtained in the level (3, 6) approximation for R = √ 3. As is seen from these figures, the tachyon profiles for different radii are almost undistinguishable from each other even though they are obtained as superpositions of harmonics of very different wave-lengths.
R < √ 3
Finally we would like to study how the shape of the soliton changes when R is small.
For this we take R = √ 1.1 and work at the level (40/11, 80/11) approximation of the potential. One can show that to this level of approximation the potential is given by, Table 6 : The ratio of the calculated mass of the lump to the mass of the D0 brane at various radii in the two schemes described in equations (2.17) and (2.18). 
where G 0 has been defined in eq.(3.14). The tachyonic lump solution for this potential is given in We have displayed in fig. 8 the tachyon profile, superimposed on the tachyon profile for the level (3,6) approximation at R = √ 3. As can be seen from this figure, for R = 11/10 there is not enough room for the full lump solution to fit in, but the profile of the lump at smaller radius follows closely the profile at larger radius near the core.
Size of the lump
We can estimate the size of the lump at different radii in a somewhat systematic way by fitting the lump profile with a gaussian curve of the form:
We calculate the parameters a, b and σ using a nonlinear regression algorithm on a set of points chosen on the lump profile in the following way. For R ≥ √ 3:
• We take 100 points, regularly spaced in x, in the core of the lump from x = − √ 3 π to x = √ 3 π. • We take a smaller density of points, regularly spaced in x, on the rest of the circle (where the profile is essentially flat). Here we have taken 20, 30 and 40 points for R = 15/2, R = √ 12 and R = 35/2 respectively.
In the case of R = 11/10, we take 100 points from x = − 11/10 π to x = 11/10 π
The results of the regression at the different radii are given in table 7 . We see that the size of the lump, which can be defined as a multiple of σ, is essentially independent of the radius (it increases by about 1.5 % when R increases from √ 3 to 35/2). Even when there is not enough room for the lump to fit in (R = 11/10), the lump is only slightly compressed (by about 7 %). A reasonable definition for the size would be 6 σ, with the solution extending by 3 σ both along the positive and the negative x-axis.
With this convention, the lump will have a size of approximately 9.3 √ α ′ . This is close to the answer obtained in ref. [12] . Table 7 : The result for the best fit of the profile of the lump with the gaussian curve described in eq.(4.9).
Conclusions and Open Questions
In this paper we have developed and tested the level expansion method in string field theory beyond translationally invariant vacuum solutions. This enabled us to give a systematic method for calculating quantities related to tachyon lumps and to give an accurate description of D-branes as tachyonic lumps in bosonic string field theory. Given the accuracy of our calculations (about 1% typically) we are confident that the profile of the lump that we have found is indeed very close to the exact one. As we have seen, as long as the radius is sufficiently big the lump has a definite radius independent profile. Indeed, when approximated by a gaussian, the lump representing a D-brane has σ ≃ 1.55 √ α ′ . We also considered the profile of the tachyon lump for R = √ 1.1α ′ , a radius sufficiently small that the large radius profile of the lump does not fit on the circle. We saw that the bottom part of the lump is essentially unchanged.
There are some questions related to the present work that we have not addressed.
In particular we have not produced a lump solution in string field theory for R = 1, where the tachyon harmonic t 1 becomes exactly marginal and the D0 and D1 branes have the same mass. Presumably, for small (R 2 − 1) one must go fairly high in the level expansion to produce an accurate description. We have also not discussed the case R < 1, where the D0 brane is unstable against decay into the D1 brane, or into the translationally invariant vacuum. We have also not tried to describe several D0 branes, all located at the same position. We have not discussed issues related to the size of the lump representing a Dbrane. While in the conformal field theory description a D-brane is an object with a well defined position, in string field theory it is a fat object, with thickness of the order of the string scale. Since string field theory is a gauge theory one may wonder if the size is an artifact of the chosen gauge. We do not at present know the answer to this question. The simplest way to get some insight into the nature of this extended solution would be to try to find out the energy density. This fails since the string field theory action is nonlocal, and hence there is no known expression for energy density in this theory. It would be interesting to examine some physical question that could help interpret the nature of this size [34] . According to the conjectures of refs. [1, 2] , all physical quantities calculated in the background of the lump solution must agree with those calculated in the background of a lower dimensional D-brane. The methods used in this paper should be able to deal with:
• Neveu-Schwarz string field theory, where tachyon kinks rather than lumps represent lower dimensional D-branes. One way to deal with the boundary conditions on a circle would be to place both a kink and an anti-kink at diametrically opposite points of the circle. Another, probably more efficient way would be to include a Wilson line along the circle in such a way that the tachyon boundary conditions are twisted [5] .
• Higher codimension D-branes. In [12] it was observed that as the codimension is increased the naive use of the tachyon "bounce" gave increasingly worse approximations to the lump mass. We believe that our methods will enable calculations to any desired accuracy. The simplest situation would involve making two of the original brane dimensions into circles and including harmonics in both directions by simple extension of the methods of section 2.2.
• Intersecting D-branes. The simplest setup would be to begin with a D2-brane on a torus and generate a pair of transverse D1 branes intersecting at one point.
We hope that our analysis will ultimately provide a more refined understanding of string field theory and its geometry. One application is already apparent; if we could get a formulation of string field theory around the translationally invariant vacuum where the original D-brane is no longer present, such formulation will have more unbroken symmetries than the current formulation.
It is interesting to note that the level expansion method used here incorporates into the calculational scheme an ultra-violet (UV) cutoff. Since l = p 2 + · · ·, working at fixed l implies a upper bound to the momentum (in the spatial directions). From this one is naturally led to propose a level expansion method for quantum string field theory. One approach could be to use the Euclidean version of the theory, and make periodic all directions including time [35] , thus turning, at any fixed level M, the set of all relevant fields into a set of expansion coefficients c n , with l(|φ n ) ≤ M. Since we are setting the whole system in a box, we also have a natural infra-red cutoff. The whole quantum path integral [dc n ] exp(−S(c n )/h) could then be evaluated. 9 Alternatively, one could make all dimensions except time periodic. In this case the result would be the quantum mechanics of the wave functions c n (t). It would be exciting if the level expansion gave a concrete calculational definition of quantum string field theory, a definition one could in practice feed to a computer in order to calculate observables to any desired degree of precision.
